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Abstract--We show how to extend the domain of the binomial coefficients (,~) so that n and r may take 
any integer value. We argue from two directions; on the one hand we wish to preserve symmetry and 
pattern within Pascal's triangle (thus, creating Pascal's hexagon), and on the other hand we wish the 
binomial coefficients o preserve their algebraic role in terms of the Taylor series and Laurent series 
expansions of (1 + x) ~, valid when Ix l < 1, I x I > 1, respectively. 
A geometric configuration within the Pascal triangle, called the Pascal flower, has some xtraordinary 
properties--these properties persist into the hexagon. Moreover, the binomial coefficients may, by the use 
of the F-function, even be extended toall real (or complex) values of n and r, with the conservation f 
their principal properties. 
1. INTRODUCTION 
Look at Fig. 1. Observe how the non-zero numbers in the northeast and northwest sectors are 
related to the non-zero numbers in the southern region. See if you can determine the correct entries 
for the next ring of numbers round the hexagonal boundary. 
The arrangement of the non-zero numbers in the southern region of Fig. 1 is well-known as 
Pascal's triangle. In this article we will adhere initially to the standard convention of denoting 
entries in Pascal's triangle by the symbol (r~), where n and r are the values of the row and diagonal 
locations, respectively. Thus, for example, we can read from Fig. 1 that (I) has the value 10. We 
will, in fact, adopt this notation for the entire array of numbers in Fig. 1 [so that, for example, 
(i -3) = -3] .  In accordance with the combinatorial interpretation of the symbol (7) when n and r 
are non-negative integers, we will always read (r ~) as "n choose r",  meaning the number of ways 
r objects can be selected from a collection of n objects. Of course, when either n or r is a negative 
integer, this does not have any combinatorial interpretation--but this should not deter us from 
examining whether or not such symbols can have some sensible interpretation, consistent with the 
meaning and properties of binomial coefficients in their original, restricted omain of definition. 
We will attach such a consistent meaning to the entries in Pascal's hexagon (Fig. 2) in Section 2. 
Meanwhile, we immediately give an important example of what we mean by the preservation of 
the properties. 
A basic property of Pascal's triangle is that all triples of adjacent entries A, B, C positioned in 
the triangle like this, 
A*  B*  
C~ 
satisfy what is called the Pascal identity, namely: A + B = C. (We express this more explicitly in 
Section 2.) Notice, then, that this identity also holds elsewhere in the array of numbers in Fig. 1. 
In fact, there is just one exception---can you find it? 
Since the array of numbers in Fig. 1 is an extension of Pascal's triangle we call it the extended 
Pascal triangle or, more simply, the Pascal hexagon. Note that the Pascal hexagon can be 
constructed as follows. We start with the X-shaped array of l 's running northwest and northeast 
in Fig. 1. We then insert new entries (contiguous to existing entries, of  course) by simply 
adhering to the Pascal identity. (This last statement should give you a hint- - i f  you needed it--where 
to look for the exceptional triple that does not satisfy the Pascal identity.) 
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Fig. 2. The Pascal hexagon. 
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Why should we concern ourselves with the Pascal hexagon? Why should the extra entries 
be of any particular interest? Of course, if you have already had the experience of seeing 
special relationships between numbers whose locations form patterns in Pascal's triangle (see 
Refs [1, 2] for examples), then you may be interested to see if the same, or similar, patterns 
hold in the extended Pascal triangle. In fact, one of the things we do in Sections 3 and 4 is to 
look at some patterns involving numbers that lie in certain special geometric arrangements 
within the Pascal hexagon--but if we left our discussion at that point, we would miss an 
opportunity to develop some lovely mathematics that utilizes both algebraic techniques and 
symmetry. 
In Section 2 we appeal to the algebraic interpretation f the binomial coefficient in order to give 
important meaning to the entries in the non-zero northeast sector of the Pascal hexagon (which 
also gives us a way of computing those entries without having to construct any part of the 
hexagonal array of numbers). In fact, as you will see, it gives much more. Next, our desire to keep 
the array symmetric about the vertical axis leads us to develop a natural mathematical extension 
that results in the entries shown in the non-zero northwest sector. Further considerations of 
symmetry allow us, finally, to complete the hexagon with zero entries. Thus we extend the meaning 
of (~) over the full range of integers. Moreover, it turns out, not unsurprisingly, that the entries 
in the northwest region, though determined simply by aesthetic onsiderations of symmetry and 
pattern-preservation, have an important significance analogous with the algebraic interpretation 
of the entries in the northwest region. 
Having carried out the extension of (7) to arbitrary integers n, r, we interrupt he discussion 
which leads to the generalization of the binomial coefficients so that we can examine, in Sections 
3 and 4, some remarkable patterns that hold both in the original Pascal triangle and in its extension, 
the Pascal hexagon. 
In Section 5 we return to the mathematical development and show, using the F-function 
F(z), how the domain of the binomial coefficients may be further extended over the complex 
numbers. We admit that, in general, we have very little opportunity to use an expression 
like "rt + i choose e" but we think it is intellectually rewarding to know that (,+i) can be 
defined. Moreover, the identities and relationships noticed in the Pascal hexagon continue to 
be valid in what we may fancifully call the complex Pascal plane. We cannot seriously doubt 
that expressions of the form (~) will prove mathematically useful, even if they have not already 
done so. 
2. EXTENDING THE DOMAIN OF THE BINOMIAL COEFFICIENTS OVER 
THE FULL RANGE OF INTEGERS 
In this section we look at two interpretations of (7), where n and r are non-negative integers. 
We then demonstrate how to define (7), where n is any real number and r is a non-negative integer. 
After that we restrict n to being an integer and use a symmetry argument to define (7) where r is 
now an arbitrary integer. Finally, we interpret (7), where r is negative. 
At various stages of the arguments hat follow the reader may find it helpful to look at a special 
numerical case. The values of the binomial coefficient may conveniently be read off Fig. 2. Having 
offered this well-meant advicet let us begin. 
We may define the binomial coefficient (7), where n and r are non-negative integers, either 
combinatorially as the number of ways of selecting r objects from a set of n objects, or algebraically 
(and equivalently) as the coefficient of x'  in the binomial expansion of (1 + x)". So defined, (7) 
satisfies the following identities. 
Symmetry identity: 
(n)r =( n ) ' (1) 
tWe have in mind that readers of this volume may well not be mathematical specialists. 
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Pascal identity: 
Vanishing identity: 
(:) (n)(.+,) 
+ = for r/> 1. (2) 
r - -1  r ' 
/n \  
~r)  = 0, for r >n/>0.  (3) 
In the light of what follows the symmetry identity will also be called the first reflection 
identity. 
The algebraic definition above easily extends to allow n to be any real number (while r remains 
a non-negative integer). For we may consider the formal power series expansion of (1 + x) a, for 
any real number a and define (~) to be the coefficient of x'. Notice that identity (1) above does not 
extend, simply because (~ ~_ r) has no meaning unless a is an integer such that a t> r. Notice, however, 
that identity (2) does extend to the following. 
Pascal identity: 
(:) (a) (a+l) 
+ = for r/> 1. (2') 
r -1  r ' 
Notice, finally, that identity (3) is actually untrue in the extended omain of definition of the 
binomial coefficient, hat is, if we no longer require n t> 0; for example (-~1)= _ 1. On the other 
hand, a new identity makes its appearance, for 
(--ra) =(-a)(-a-1)'''(-ar, - - r+ l )  
so that we have the following. 
= ( - l ) '  
Second reflection identity: 
(a + r - 1)(a + r -  2). . .a 
r! 
n)=0,  for n ~>0, r >~l; (5) 
r 
For 
We will, until Section 5, confine the domain of the binomial coefficient (~) so that a is an 
integer. At this point r is a non-negative integer, but we seek to extend the validity of r to the 
whole set of integers. Thus, we must define (_~,), where a is an integer and r is a positive 
integer. 
We are, in fact, guided by the symmetry identity (1) which we will want to be valid over all integer 
values of the pair n, r. This will oblige us to define 
= O, 
by identity (1) extended over all integers, 
by identity (3), n >f O, r >/l; 
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so that equation (5) holds; and 
(-_n)-- (r n) by identity (1) extended over all integers, 
by identity (4), for r 1> n, 
by identity (1), 
so that identity (6) holds. In fact, of course, this establishes identity (6) even without the condition 
r I> 1, but (-7) is already defined if r ~< 0. 
Since 
(~- -  11) = 0 i fn >r  >~1, 
we are finally led to extend identity (6) and postulate the identity: 
Third reflection identity: 
(:) (nr-1,) =(-1)  "-r , for n ~> 1, r>~l. (7) 
We have thus extended the domain of the binomial coefficient over the full range of integers. 
We now proceed to reexamine our identities (1), (4) and (7) so that they, too, apply over the full 
range of integers. 
Let sgn R, where R is an integer, be defined by 
0, if R/> 0, 
sgnR= 1, if R<0.  (8) 
It is then easy to prove the following symmetry theorem. 
Theorem 1 (the symmetry theorem) 
The binomial coefficients (~), where N and R are arbitrary integers, satisfy the following 
identities: 
Ii (First reflection identity): 
I2 (Second reflection identity): 
1) 
13 (Third reflection identity): 
Moreover, these three identities fully determine the value of (~, where N and R are arbitrary 
integers, given the known values of (~), where N and R are non-negative integers. 
Figure 2 shows the binomial coefficients (~) for -11  ~< n ~< 10 and -11  ~< r ~< 10. Note that, 
by I~, (~) = (sN), where R + S = N. Notice, too, the geometric interpretation of 15 and/3. 
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We will be content o prove/2. If R t> 0 then I2 restates equation (4). If N < R < 0 or if N >/0, 
R < 0, then both sides of I2 are zero. If R ~< N < 0, then 
+R- -  -- u I / -R -  ( -N  R 1)=( -N+R1 1) - - ( -1 ) -~_  N l l )=( -1 ) Jv - ' ( -NR__ - I ) ,  
so that 
,) ,) R = (-l)R+sgnR + -- 
R 
Let us note explicitly the incidence of zero as a value of (Ru): 
or  o r  
Next we look again at the Pascal identity; we find the following theorem. 
Theorem 2 
The Pascal identity 
(9) 
holds, where N and R are any integers, except hat 
Proof. Certainly, by equation (2'), the Pascal identity holds if R t> 1. Now if R = 0 and N • - 1, 
it asserts that l+0=l .  I fR<0,  N1>0orR<0,  N<R- l i tasser ts that0+0=0.  I fR<0,  
N = R - 1 it asserts that 0 + 1 = 1. Thus, we are left with 0 > N > R; but then, by the second 
reflection identity, 
so we must show that, if 0 > N > R, then 
( : ( 0 
However, this is the Pascal identity in an already proven situation if N ~ -2 ;  and if N = -1 ,  
R ~< -2 ,  it asserts that 1 + 0 = 1. 
We now proceed to give the promised algebraic interpretation of (R u) if R is negative. Let us write 
(_u,) for (~, so that r/> 1. Recall that (~) is the coefficient of x '  in the Taylor series expansion of 
(1 + x) s. Now we may instead construct he Laurent seriest expansion of (1 + x)". Thus, 
( l+x)  ~v=x N 1+ = x s-~. (10) 
s=0 
"['Whereas the Taylor series converges if Ix l < 1, the Laurent series converges if Ix I > 1; here we assume N < 0. The two 
series are finite and essentially coincide if N/> 0. 
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If we define (~,) to be the coefficient of x - '  in this Laurent series expansion, we find 
(Nr )  = 0 i fN~>0, r ~>1, (11) 
since there are no terms involving negative powers of x on the r.h.s, of equation (10) when N ~> 0; 
but equation (11) merely restates condition (5). However, if N < 0, say N = -n ,  with n/> 1, then 
we have 
(Nr )  (Nr )  ( N ) =0,  r<--N, = N+r ' r>>,-N 
or  
( - - : )  (--__nr) ( --n ) =0, r<n,  = , r~>n, (12) 
--n +r  
and this is easily seen to yield precisely the values given by the third reflection identity (7). We are 
thus entitled to claim that considerations of symmetry have led us to adopt the correct definition 
of (~) for arbitrary integers N, R. 
We close with an important notational remark. From the geometrical viewpoint it is more 
natural to write (~) as a multinomial coefficient (~s) with R + S = N. Then the first reflection 
identity asserts that 
1: RS = SR " 
Actually, we represent the inherent symmetry even better by writing T = -N  - 1 and replacing 
(~s) by the three-vector (R, S, T) in the plane R + S + T + 1 = 0. Then Theorem 1 reads 
I~: (R, ST)=(S,R,T) 
12: (R, S, T) = (- I)R+~g"R(R, T, S) 
I3: (R,S,T)=(-I)S+'~S(T,S,R). 
It is now easy to see that any two of these identities imply the third, and that, if we extend the 
Pascal triangle to a Pascal hexagon (see Fig. 2), each expresses a reflection principle. 
3. SOME PATTERNS IN THE PASCAL HEXAGON 
A well-known fact about numbers in Pascal's triangle is that the sum of any two adjacent entries 
in the r = 2 row is a perfect square. Thus, for example, 1 + 3 = 4 = 2 2 or, using binomial 
coefficients, 
Again, 3 + 6 = 9 = 3 2 or 
In general this property may be stated as 
+ 2 = N~' where N ) 2. (13) 
In the light of our extended meaning for the binomial coefficient we might hope that the 
restriction on N in equation (13) is not required. In fact,, you may verify from Fig. 1 that the 
relationship of equation (13) holds for N t> -3 .  Of course it is also possible to use the formulae of 
Section 2 to show that equation (13) holds for any integer N--indeed, for any real number N. 
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Figure 3 is an abbreviated version of the Pascal hexagon in which each of the non-zero 
entries has been replaced by a dot. This cryptic figure illustrates the identity (13). Notice 
particularly that the arrows in the direction of R = 2 tell us that the relationship involving 
the labeled entries within the ellipse will be valid as long as the ellipse sits on the line R = 2. 
The arrow labeled "N =constant" along with the designated value of R gives us the 
information required to convert the letters within the figure to binomial coefficients. Thus the 
identity (13) can be read offfrom Fig. 3, except hat, because the arrows point in both directions 
along R = 2 we know there is no restriction on N. (A similar convention is adopted in Figs 
4 and 5.) 
The pattern of Fig. 4 was first shown to us by a student, Allison Fong, then a freshman at Santa 
Clara University. From Fig. 4 we read off the identity 
(N32)_  (N)  = N 2, for all integers N. (14) 
Of course identity (14) can be proved algebraically. However, a proof, for N >/0, which does not 
rely on algebraic manipulation appears in Ref. [1]. The algebraic proof has the obvious merit, 
however, of being valid for any real number N. 
Figure 5 is an example of a more general pattern. Notice first, that, as this array slides diagonally 
so that a lies on the line N - R = 4, the quantities (a x d)/(c x g) and (a x e)/(b x f )  will always 
0 
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have the value of 1/2. Second, since the two quantities are always equal we may infer that, in any 
given instance? 
b ×fxd=c xg  xe  
This last relationship is a special case of the Star of David theorem: look at the two triangles 
determined by the vertices b, f, d and c, g, e, respectively to see why this name is appropriate. We 
have drawn the star in one of its positions. 
Let us look at the features of this last example with an eye to seeing how much we can 
generalize it. It involved two parallelograms which were reflections of each other across a line 
bisecting the edges of the parallelograms at the vertex nearest a. The sides of the parallelograms 
were in the directions of constant N and constant R, and the arrangement could slide in 
the direction of constant S without affecting the ratio of the designated products. The abef 
parallelogram has dimensions 2 by 1 in the N and R directions, respectively, and the acdg 
parallelogram has dimensions 1by 2 in the N and R directions, respectively. Both parallelograms 
are anchored at a. 
Now what are the possibilities for generalizing? We might inquire whether or not the line along 
which we slide the parallelograms (in this case, S = 4) is restricted to the choice in Fig. 5. 
(The answer is NO, any integer value of S will work.) We might also look at parallelograms 
of other dimensions k by l in the N and R directions, with each anchored at a. Then we might 
ask: 
Does (a x d)/(c x g) always equal (a x e)/(b x f ) ,  as you slide the arrangement of
parallelograms along the line of constant S? And, if so, what is that value? 
Of course, if the answer is affirmative (and it is!) we automatically get a generalization of the 
Star of David theorem. 
However, what about other types of parallelograms? The parallelograms in Fig. 5 have sides 
parallel to the N and R directions and they slide in the S direction. By symmetry there are obviously 
two other possibilities. Will the analogous tatements hold in those two cases? The answer is YES! 
and that is what we will now show, in its complete generality, by introducing a figure we call the 
Pascal flower.~ 
tAlthough the values of b x f x d and c x g x e are always equal, regardless of  where the arrangement has been moved 
to (by sliding along the line S = 4) they do not remain fixed, under these movements. 
~Tbe participants in a short course we gave, under the auspices of  the Mathematical Association of  America, at Hope 
College in Holland, Michigan, were so enamored of  this diagram that they named it the Pascal Tulip 
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However, in this figure and in what follows, we introduce a small notational change in the 
interests of convenience. We will henceforth designate the directions in the Pascal hexagon by lower 
case letters n, r, s instead of upper case letters N, R, S. Thus, henceforth, 
n, r, s, are arbitrary integers, positive or negative, subject o r + s = n. 
As shown in Fig. 6, there are three types of parallelogram, namely, 
et (with sides parallel to the r and s directions), 
P2 (with sides parallel to the s and n directions) 
and 
P3 (with sides parallel to the n and r directions). 
Each of these parallelograms Pi is shown, with its corresponding reflection P~ indicated by dotted 
lines. All of the parallelograms are anchored at (7). By anchoring the parallelograms at (7) we can 
give a geometric description of the numbers we wish to consider. In each case we define the 
cross-ratio (or weight), Wi (or W~), of the corresponding parallelogram, P~ (or P~), to be the product 
of the binomial coefficient (7) with the binomial coefficient at the vertex opposite (7), divided by 
the product of the two binomial coefficients at the other vertices of the parallelogram. When n and 
r are non-negative integerst we can calculate from this definition, and the fact that 
(:) r !(n - r)! '  
the following: 
(:)(n - l - k~/ (n -kk) (n  - I )  n!(n -k - l ) !  
W,= r -k  ) / \ r  r =(n-k)l(n- l)!  
(n)( n -  5 ) / (  n ) (n~k)  (r-k)!(r- l)!  (15) 
WE= r r -k  l r - l  r = r ! ( r -k - l ) !  " 
(n ) (n - - l ) / (n - l ) (  n ) (n - r -k ) l (n - r - l ) !  
W3= r r +k r r +k =(n- r ) l (n - r -k - l ) !  
We now notice several remarkable features. Observe that, for given k and i, 
W~ depends only on n and is symmetric in k and 1, 7 
W2 depends only on r and is symmetric in k and l, ~ (16) 
I+'3 depends only on n - r (= s) and is symmetric in k and I. 
The statement about W 3 in observation (16) assures us that the property we noticed about the 
parallelograms in Fig. 5 does, indeed, generalize to k by l parallelograms sliding along any diagonal 
line in the S direction. Of course, with each pair P, P '  of parallelograms we have a generalized 
Star of David theorem. 
Furthermore, the statements W, and I412, in conditions (16), assure us that there was nothing 
special about taking the sides of our parallelograms parallel to the r and s directions. The expression 
for W1 tells us that we can either eflect, or slide horizontally (in the n direction), a k by I parallelo- 
gram, P1, as in Fig. 6, without changing the value of W~. Similarly, the expression for W2 informs 
us that we can either reflect, or slide diagonally (in the r direction) a k by l parallelogram, P2, as 
in Fig. 6, without changing the value of W2. And, in all of these individual pairs of parallelograms 
with equal weights (cross-ratios) we can obtain a corresponding Star of David theorem. 
tlf n and r are not both non-negative integers and the entire parallelogram, P. lies in one of the non-zero regions (other 
than the Pascal triangle region), then the reflective properties ofSection 2can be used to show that the dependency 
and symmetry statements given in condition (16) are still valid. Moreover, using eometrical l nguage, we may transport 
a parallelogram, in the appropriate direction, from one non-zero zone of the hexagon, across azero zone, to another 
non-zero zone and the weight will resume its original value. 
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s= constant 
X ~ n = constant / 
r - constant  
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(-';-~,) (",:,')/ \ / /  . "', (°;') (,":t) 
' , , /i " " \ . ,  " ?-Z -,-' 
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X X / ~ /  / 
(."-~) (,-"0 (~") L: ~) (,:~) 
Fig. 6. The Pascal f ower. 
4. WEIGHTS IN THE PASCAL FLOWER 
We note the following identity for extended binomial coefficients: 
(k ) (m;k)=(? ) (mk l ) .  (17) 
For each side is just the trinomial coefficient 
( m ) 
k I m-k - l '  
which may also be extended to all integers m, k, l, by appeal to symmetry. We rewrite equation 
(17) as 
(mk l ) / (7 )=(m lk ) / ( ? ) ,  (18, 
noting that either side (or both sides) of equation (18) may have the indeterminate form 0/0. We call 
the common value of equation (18) the weight function ~(m, k, l), so that 
(m - k ) t (m - t ) t  
¢~(m; k, l) = ~(m; l, k) = (19) 
m!(m -k - l ) !  
We now return to the Pascal flower and recall from equation (15) the cross-ratios, W~, W2, W3, 
for the parallelograms P,, P2, P3, hinged at (~"). An immediate consequence of equations (15) is 
the following theorem. 
Theorem 3
W~=~(n;k,l)-'; W~=¢~(r;k,l); W3=qb(s;k,l ). 
Thus, IV, depends only on n and is symmetrical in k and l; W2 depends only on r and is 
symmetrical in k and l; W 3 depends only on s and is symmetrical in k and L 
100 P. HILTON and J. PEDERSEN 
(o; z 
X 
Fig. 7 
Of course, since P',, P~, P~ are the reflections of parallelograms P,, P2, P3 (obtained by 
exchanging k and l), we have 
Corollary 3.1 
W~= W~ 
w~= w~ 
w~= w;. 
Each equality in Corollary 3.1 yields a Star of David theorem. Thus, for example, since W, = W~ 
we infer from equations 05) that 
The geometric significance of equation (20) is seen in Fig. 7. Each side of the equation is the 
product of the vertices attached to one of the two triangles making up the (slightly distorted) 
Star of David surrounding S,. Identities imilar to equation (20) can be read off Fig. 7 for the 
stars surrounding S: and $3, so that we have the following general result. 
Theorem 4 (generalized Star of David theorem) 
The product of the vertices of one triangle surrounding Si is equal to the product of the vertices 
of the other triangle surrounding Si for i = 1, 2, 3 in Fig. 7. 
5. EXTENDING THE DOMAIN OF THE BINOMIAL COEFFICIENTS OVER 
THE COMPLEX NUMBERS 
We remark that there is no impediment to extending binomial coefficients (I) far beyond the 
integers, indeed to the complex numbers. For we may define the factorial function z! by 
z ! = F(z + I) 
here the F-function F(z) is meromorphic n the entire complex plane with simple poles at 
z = 0, - l ,  -2  . . . . .  Thus, the definition 
r !(n -- r)! 
yields a function which is regular everywhere for all complex numbers n, r, except where n is a 
negative integer. As we have seen, it is still possible to define (I) even if n is a negative integer, 
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provided r is also an integer, but we will exclude these singular values of n from the subsequent 
discussion. 
We wish now to establish the analogues of the identities It,/2, I~ of Section 2 in this extended 
domain. To this end, we invoke the key identity 
r(z)r(1 - z )  = sin n------z ; 
the form of this identity most useful to us will be 
n 
z! ( -1 -z ) != sinnz" 
Reverting to the notation 
where r +s  =n = - t  - 1, we have 
(r, s, t) = (s, r, t) 
( r , s , t )=  n! ( - - t - -  1)! 
r ! (n  - -r)!  r !s !  
by repeated application of equation (21). 
Likewise, 
sin nr 
(r,s, t) = . 
sin nt 
(21) 
(t, s, r). (24) 
and we may write 
We note that, if we write [r, s, t] = (r, s, t)sin nt, then the three identities (22)-(24) become 
11: [ r ,s , t ]=[s , r , t ]  
I2: [ r ,s , t ]=[r , t ,s ]  
13: [ r ,s , t ]=[t ,s , r ] .  
It follows that [r, s, t] is invariant under the full symmetric group $3 acting on the points (r, s, t) 
of the complex plane r + s + t + 1 = 0. We note further that 
( - t -  I)[ . 
[ r , s , t ]=( r , s , t ) s innt  = r !s!  slnnt 
is, indeed, analytic everywhere; for ( - t -1 ) !  has simple poles at t =0,  1, 2 , . . . ,  at which 
sin 7rt has zeros. Of course, ( - t  -1 ) !  sin nt = -n / t ! ,  by equation (21), so that 
- -n  
Jr, s, t] = (25) 
r ! s ! t ! '  
n 1 
( r , s , t )=  s innt r !s ! t ! "  
Formula (25) constitutes, of course, an immediate proof of the identities/1,/2, 13. 
We may now proceed to generalize Theorem 3. For the identity (17) holds in complete generality, 
each side being equal to the generalized trinomial coefficient 
rn! 
k! l ! (m -k - l ) ! "  
Thus, the weight function ~(m; k, 1) is defined for complex values of m, k, l and is symmetrical 
in k and l; and the formal calculation inherent in the proof of Theorem 3 goes through 
without change. Likewise, the Pascal identity of Theorem 2 holds for these generalized binomial 
(22) 
s inns ( -s -1 ) !  sinns 
= - - ( r ,  t, s), (23) 
sin nt r ! t ! sin nt 
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coefficients, since it only depends on the relation T(z) = zT(z - I), which holds so long as 
z#O,-1,-2 )... . There. is no necessity to formally restate either of these theorems. 
Finally, we remark that the analogue of Theorem 3 would hold if we replaced the factorial 
function by any other function in the definition of the binomial coefficient (see Ref. [l]). Thus, 
quite generally, we may introduce an arbitrary functionf(z) of the complex variable z and consider 
the “f-binomial coefficient”, defined by 
n 0 f(n) r f=f(rlf(n - r)’ (26) 
We may carry out such an extension of the theory even if the function f is only defined over a 
restricted domain, for example, over the non-negative integers. We give such an example now. 
Of particular interest is the q-analogue of the binomial coefficient, given by 
f(n) = (q” - l)(q”-’ - 1). . .(q - I), n 2 l;f(O) = 1. (27) 
Of course, we would, in this generality, lose the full symmetry inherent in the symbol [r, s, t] above 
[see equation (2511, since this depended on the special property r(z)T(l - z) = n/sin rrz of the 
r-function. Likewise, we would lose the Pascal identity; in fact, for the q-analogue given by 
equation (27) we have, instead, 
‘(Y>,+(r If. l),=(n T ‘),
We repeat that, in this final remark, we have not attempted to generalize beyond the usual range 
in which n, r are integers with 0 < r < n. It may well be worthwhile to attempt to do so.? 
The Pascal identity, in fact does generalize to the formula 
which is valid (i) if b and j are positive integers, or (ii) if i and j (and hence k) are positive integers 
(see Ref. [3]). We do not know the full extent of its validity. 
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